The Josephson current flowing in a junction between two superconductors is a striking manifestation of macroscopic quantum coherence, with applications in metrology and quantum information. This equilibrium current is related with the formation of Andreev states localized in the junction, whose energy depends periodically on the superconducting phase difference [1][2][3]. Topology emerged as a guide for predicting exotic properties of Andreev states. In particular, topological superconductors host Majorana modes at their ends [4] [5] [6] [7] . Then, in a junction with such leads, the hybridization of two Majorana modes results in an Andreev state with a period-doubling of its energy-phase dependence [4, 8] .
The Josephson current flowing in a junction between two superconductors is a striking manifestation of macroscopic quantum coherence, with applications in metrology and quantum information. This equilibrium current is related with the formation of Andreev states localized in the junction, whose energy depends periodically on the superconducting phase difference [1] [2] [3] . Topology emerged as a guide for predicting exotic properties of Andreev states. In particular, topological superconductors host Majorana modes at their ends [4] [5] [6] [7] . Then, in a junction with such leads, the hybridization of two Majorana modes results in an Andreev state with a period-doubling of its energy-phase dependence [4, 8] .
Furthermore, topologically protected crossings between Andreev states in junctions with more than two leads may be revealed through a quantized transconductance [9] [10] [11] . The prediction motivated recent efforts to fabricate multi-terminal junctions [12] [13] [14] [15] . Here we combine both topological effects to predict a robust non-vanishing quantized transconductance in trijunctions with topological leads. Such devices are envisioned to reveal the anyonic nature of Majorana states through their braiding [16, 17] . Our prediction can be used to assess that a given junction is indeed suitable to perform its braiding function.
A series of recent works have explored the topological properties of Andreev states in multi-terminal Josephson junctions [9] [10] [11] [18] [19] [20] [21] . The findings exploit the analogy between the Andreev spectrum of an N -terminal junction as a function of the superconducting phase differences and the band structure of a material in d = N −1 dimensions, with the superconducting phase differences playing an analogous role as the quasimomenta in the Brillouin zone.
A transition from a topologically trivial to a topologically non-trivial phase requires the closing of a gap. Therefore the investigation of topological properties of multi-terminal Josephson junctions has mainly been focused on the identification of topologically protected band crossings and, in particular, so-called Weyl points. Generically a crossing of two bands requires three control parameters. Thus, in a four-terminal junction, the three independent superconducting phase differences are sufficient to induce a topological transition [9] , while in trijunctions an additional control parameter such as the flux through the junction area is required [18, 19] . In both cases, the appearance of Weyl points does not necessitate any fine tuning of the scattering properties of the junction. If we then consider the Andreev spectrum as a function of two phase differences, taking the third parameter as a tuning parameter, a Weyl point at zero energy signals a topological transition associated with a change of the Chern number characterizing the ground state of the effective two-dimensional system. As a consequence, upon fixing the tuning parameter, the effective two-dimensional Andreev band structure may or may not have a finite Chern number in the ground state.
The analogy goes further. As in the case of real materials, a finite Chern number in the ground state is associated with a quantum Hall effect [22] . In a multi-terminal junction, it manifests itself through the quantization of the transconductance G ij = ∂I i /∂V j , where I i is the dc current in terminal i and V j is the dc voltage applied to terminal j = i, when the entire space of the two superconducting phase differences is explored [9] . Namely, one finds G ij = (2e 2 /h)g s C, where g s is the spin degeneracy and C is the sum of Chern numbers over all the occupied states. Due to the presence of a Fermi sea in the case of real materials, the exploration of the entire Brillouin zone is automatic. Here the Josephson relation ensures arXiv:1911.07705v1 [cond-mat.mes-hall] 18 Nov 2019 that the phase at the voltage-biased terminal is swept linearly with time, whereas the second phase difference can be controlled using a magnetic flux through a loop connecting two of the terminals or, alternatively, with an additional voltage (see Fig. 1 ). Thus, the transconductance probes the topological properties of the junction. Previous works showed that a finite transconductance corresponding to a topologically non-trivial state may be obtained in junctions made with conventional superconductors (g s = 2) [9-11, 18, 19] and in four-terminal junctions with topological superconductors (g s = 1) [20] . Reference [21] focussed on the fate of Weyl crossings across a topological transition in the leads in a specific trijunction setup.
Here we show that trijunctions made with topological superconductors generically have a non-vanishing quantized transconductance, i.e., they are topologically nontrivial. The setup shown in Fig. 1 is the same as the one proposed for braiding Majorana modes in trijunctions and therefore of great interest in the context of topologically-protected quantum computation [23] . A simple picture may be obtained by considering the lowenergy sector only, which is described by the coupling of the three Majorana modes present at the junction. While two of the Majorana modes may couple to form a finite-energy Andreev state, one Majorana mode will always remain uncoupled and therefore yield a zero-energy state. We thus obtain a flat band at zero energy plus a particle-hole conjugated state at energy E ± = ±|E + |. As we will show below, the latter crosses zero energy only if the system possesses time-reversal symmetry, such that all three Majorana modes decouple. If time-reversal symmetry is broken, a gap exists at all values of the phases and the ground state carries a finite Chern number. The Chern number changes sign at the time-reversal invariant points associated with a three-band crossing (rather than a Weyl point). As a consequence, the junction displays a quantized transconductance G ij = ±2e 2 /h. This signature is distinct from the case of trivial superconducting leads by two aspects: the transconductance is always finite, and the quantum of transconductance is halved due to the absence of spin degeneracy in the topological leads. Using numerical calculations of the current-voltage characteristics for representative junctions, we further show that an experimental detection of the transconductance quantization is well within reach.
Our starting point to derive these results is a general formulation of the scattering problem describing the trijunction between one-dimensional spinless p-wave superconductors. Such topological leads can be realized effectively with semiconducting nanowires and conventional superconductors using the proximity effect [5, 6] . The equation determining the Andreev spectrum reads [2] det S( )e iφ S * (− )e −iφ + a −2 ( )1 = 0.
Here S( ) is the 3 × 3 scattering matrix of the junction in the normal state at energy ,φ = diag[0, φ 1 , φ 2 ] contains the superconducting phases of the terminals, a( ) = /∆ − i 1 − ( /∆) 2 is the Andreev reflection amplitude, and ∆ is the superconducting gap amplitude in the leads. The p-wave nature of the topological superconducting terminals is encoded in the + sign between the two terms under the determinant [20] , accounting for the phase shift of π between the Andreev reflections for electrons and holes.
The eigenvalues ofÂ = Se iφ S * e −iφ are given as λ i = e iαi with α 0 = 0 and α − = −α + . Furthermore E i = ∆ sin(α i /2). Thus, the eigenvalue λ 0 describes the flat band. For the Andreev states corresponding to λ ± to cross the Fermi level, those eigenvalues have to be equal to 1 as well, i.e.,Â has to be the identity matrix. This requires Σ T = Σ with Σ = e −iφ/2 S 0 e iφ/2 and S 0 = S( = 0). Inspired by the parametrization of the Cabibbo-Kobayashi-Maskawa quark mixing matrix, we find that the most general form of the scattering matrix can be written as To study the Chern number when time-reversal symmetry is broken, we may expand the determinant equation around the time-reversal invariant points, similar to Refs. [10, 18] , to obtain an effective low-energy Hamiltonian at |φ 1 ], |φ 2 |, |φ 3 | 1 with φ 3 ≡ θ 3 − θ 2 , which describes the three-band crossing. In particular, Hψ = ψ, where the effective Hamiltonian is
Here the bar denotes quantities evaluated at the timereversal invariant point parametrized by θ 1 , θ t = (θ 2 + θ 3 )/2, δ. Using Σ = Σ T and ∂ φi Σ = −∂ φi Σ T , we find that H is antisymmetric. It is therefore equivalent to the Hamiltonian that describes a spin-1 in a magnetic field, H = B.S, with magnetic field B = (B x , B y , B z ) and spin matrix vector S = (S x , S y , S z ). In particular, we obtain
Value of the gap Em = min φ 1 ,φ 2 E+ as a function of the "chirality" δG = G N ii+1 − G N i+1i for 5,000 random scattering matrices drawn from CUE. It illustrates the correlation between these two quantities, Em/∆ ≥ (3 √ 3/8)|δG|/(e 2 /h) (indicated by the black line).
with d ± = cos(δ/2) ± sin(δ/2) and
We see that the crossing of the eigenstates of H is linear in the three parameters φ 1 , φ 2 , φ 3 . Furthermore, the Jacobian J > 0 of the transformation from variables B x,y,z to φ 1,2,3 can be used to show that a monopole with topological charge n − = −2 (n + = +2) is associated with the state at negative (positive) energy [24] . We are now ready to define Chern numbers in the (φ 1 , φ 2 )plane for each band. Using particle-hole symmetry, we conclude that the Chern number of the flat band is C 0 = 0, while the Chern number of the positive and negative energy bands are opposite and have a jump from C ± = ∓1 to C ± = ±1 as φ 3 is tuned across 0. Interestingly, the sign of the Chern numbers can be related to the sign of the "chirality" δG = G N ii+1 − G N i+1i = −(e 2 /h) sin 2 θ 1 sin(2θ t ) sin(φ 3 ), where G N ij are the normal state conductances of the junction. Namely,
Using adiabatic perturbation theory [9, 20, 25] and assuming that the system remains in the ground state (i.e., the state at negative energy is occupied whereas the state at positive energy is empty), we find the transconductance,
This is our main result announced above. Observing the conductance quantization requires applying a bias voltage, therefore the adiabatic assumption used to obtain the above results has to be carefully analyzed. The voltage-induced dynamics of the superconducting phase may induce transitions between different states and, as a consequence, result in a nonequilibrium occupation of the Andreev spectrum. Parityconserving transitions between the flat band and the finite-energy Andreev state tend to establish an equiprobability for each state to be occupied or empty, and therefore suppress the transconductance. Parity-changing transitions involving continuum states may be induced either by the presence of subgap states in the leads or by non-adiabatic processes. They tend to empty (fill) positive-energy (negative-energy) states, and thus restore the transconductance quantization. The conditions for parity-changing transitions to dominate over the parity-conserving ones imposes constraints on the voltage that can be applied, which are the more stringent the smaller the gap, E m = min φ1,φ2 E + , in the Andreev spectrum. Using random scattering matrices drawn from the circular unitary ensemble (CUE), which describes systems with broken time-reversal symmetry, and taking the short junction limit, where the energy dependence of S( ) can be neglected on the scale of ∆, we find that the gaps are generically quite large (on the scale of ∆). Statistics are shown in Fig. 2 . They indicate that the gap is correlated with the amount of time-reversal symmetry breaking encoded in the "chirality" δG, such that E m /∆ ≥ (3 √ 3/8)|δG|/(e 2 /h), where the numerical factor is derived using the effective Hamiltonian.
In order to check the robustness of the transconduc-tance quantization beyond the adiabatic regime, we used the formalism of multiple Andreev reflections [11, 26, 27] to compute the current-voltage characteristics of various junctions with a gap in the range (0.35 − 0.4)∆. An example is shown in Fig. 3 (for more examples, see the Supplemental Material). To account for inelastic relaxation processes, we used a Dynes parameter [28] to smear the density of states in the terminals. While the flat band does not contribute to the quantized value of the adiabatic transconductance, it may lead to large dissipation at small voltages in the presence of a finite Dynes parameter in the superconducting leads. Namely, if the effective density of states in the leads is finite below the gap edge, one probes the zero-bias peak associated with the Majorana mode. For example, it can be seen in Fig. 3 that G 11 vanishes over a range of voltages and then starts deviating from zero again as voltage is further decreased. Thus, the expected conductance quantization is seen in an intermediate voltage range. A small but finite temperature, T ∆, would smear the zero-bias peak and therefore may help to restore the conductance quantization. For more details on the effect of the Dynes parameter and temperature, see the Supplemental Material. Though the flat band does not affect the transconductance, except at very low voltage, switchings in its occupation result in a giant shot noise, as recently predicted in the case of a time-reversal invariant junction [29] . This might affect the averaging time necessary to extract the quantized value [9] .
To better show the role of time-reversal symmetry breaking, we also studied a toy model of a symmetric junction subject to a magnetic flux Φ (see Methods). The conductance as a function of flux at low voltage is shown in Fig. 4 . The change of sign of the transconductance at the time-reversal invariant points, Φ/Φ 0 = 0, 1/2, where Φ 0 is the flux quantum, can be clearly seen along with an increase of G 11 showing the increased dissipation due to the closing of the gap. Within the same model, we can also study the effect of the Majorana modes at the far end of the wire: as long as the coupling is sufficiently weak such that the splitting of the flat band is much smaller than the gap to the finite-energy Andreev state, the conductance quantization survives (see Supplemental Material). As shown in Ref. [20] , if the coupling becomes sufficiently strong, Weyl crossings at finite energy may render the junction trivial.
In conclusion, we have shown that that Josephson trijunctions made with topological superconductors, as the ones proposed to braid Majorana modes, generically display a robust quantization of the transconductance that allows one to distinguish them from the case where the superconductors are topologically trivial. Our findings thus provide a novel signature of the presence of Majorana modes in such junctions. The symmetric junction used for Fig. 4 consists of superconducting leads that are connected via a single site with on-site energy U and a hopping matrix element t between the leads with normal density of states ν [18] . The corresponding scattering matrix reads
and the parameter s = 2πΦ/Φ 0 describes the magnetic flux through the junction. 
S3. EFFECT OF A FINITE LENGTH OF THE TOPOLOGICAL SUPERCONDUCTORS
In our calculations, we only accounted for the Majorana modes localized at the junction, neglecting the Majorana modes localized at the far end of the wires. If the wires have a finite length, the two Majorana modes at either end may couple. Furthermore, inhomogeneities may lead to the appearance of additional Majorana modes at intermediate distances.
Here we investigate how a coupling to an additional Majorana mode in one of the terminals modifies our prediction.
As a starting point, we use a symmetric junction as described in "Methods" and add an additional channel to terminal 2. This additional channel is only coupled to the other channel in the same terminal via a hopping matrix element t 0 , modeling the coupling between the two Majoranas at opposite ends of the wire, while no direct coupling to the other terminal exists. The coupling matrix W then reads
For small t 0 , the main effect of the coupling to the additional Majorana is to modify the flat band such that it acquires a finite dispersion. However, as long as the gap to the finite-energy state remains sufficiently large, the conductance quantization remains robust. At larger t 0 , the two states may cross, signaling a transition out of the topological regime such, that the conductance quantization breaks down. This is shown in Fig. S4 . 
